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Abstract We propose a new approach for the study of the time evolution of a factorized
N-particle bosonic wave function with respect to a mean-field dynamics with a bounded
interaction potential. The new technique, which is based on the control of the growth of
the correlations among the particles, leads to quantitative bounds on the difference between
the many-particle Schrodinger dynamics and the one-particle nonlinear Hartree dynamics.
In particular the one-particle density matrix associated with the solution to the N-particle
Schrodinger equation is shown to converge to the projection onto the one-dimensional sub-
space spanned by the solution to the Hartree equation with a speed of convergence of order
1/N for all fixed times.

Keywords Many-body quantum dynamics - Mean field limit - Nonlinear Hartree equation

1 Introduction

We consider a system of N interacting bosons in v dimensions described on the Hilbert space
Hy = L2(RMY, dx; ... dxy), the subspace of L*(R"", dx; ... dxy) consisting of permutation
symmetric wave functions. Here the variables xi, ..., xy € R” refer to the positions of the
N particles. The Hamiltonian is given by

N 1 N
HN:Z(—ij—i—U(x,))—i—NZV(xi—xj) (1.1)

=1 i<j
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and, under suitable conditions on the potentials U and V, acts as a self-adjoint operator on
Hy. The coupling constant 1/N in front of the interaction characterizes mean field models;
it guarantees that the kinetic and the potential part of the Hamiltonian are typically of the
same order.

The dynamics of the system is governed by the N-particle Schrodinger equation

0N, =Hyyn, = Yn,=e Nyy. (1.2)

In particular we will be interested in the time evolution of factorized initial data ¥y (xy, ...,
xXy) = ]_[j.v:1 @(x;). It turns out that, because of the mean field nature of the interaction,
for large N, factorization is approximatively preserved by the evolution (1.2). In a sense
to be made precise, we have Yy , >~ <p;X’N , for a suitable ¢, € L>(R"). If factorization were
indeed preserved, it is simple to check that ¢, must be determined by the solution to the
self-consistent nonlinear Hartree equation

iat(/)t:(_A+U)</)t+(V*|¢’r|2)(/)ta (1.3)

with initial data ¢,—g = ¢.

A more precise analysis shows that the solution ¥y, can be approximated, in the limit
N — 00, by products of solutions to the nonlinear Hartree equation (1.3) only if we are in-
terested in quantities depending non-trivially on a finite number of particles. In other words,
we cannot expect the L2-difference between vy, and ®" to converge to zero. What can
be expected and, for a large class of potentials, has also been rigorously proven, is that for
an arbitrary fixed k-particle observable J® (for example, a compact operator on L?(R*")),
and for every fixed time ¢ € R,

(Wn, TP 1Ny ) — (92N, (JP @ 1V )pBN) = (p=F, TPk (1.4)

as N — oo, where ¢, is the solution to (1.3) with initial data ¢,y = ¢. The convergence
(1.4) can be interpreted as the convergence of the marginal densities. Recall that, for a given
N -particle wave-function vy, we define the density matrix yy = |{¥n) (Y| as the orthogo-

nal projection onto ¥y, and, fork =1, ..., N, we define the k-particle marginal density yli,k)
associated with ¥y by taking the partial trace of yy over the last N — k particles. In other
words, y,f,k) is defined for k = 1,..., N, as a non-negative trace class operator on L?(R")

with kernel given by

k
) (X X)) = /dXkaVN (Xt XNk X}, Xy )

= /dXkal/fN (X Xy Yy (X, Xy—). (1.5)
Here and henceforth we use the notation X; = (xy,...,X), X, = (X[,...X;), Xy =
(Xg+1,--+,xn). We will also use the shorthand notation x = xy = (x1, ..., xy). Note that

we choose the convention Tr ylf,k) =1foral N>1,and 1 <k < N.

Fork=1,..., N denote by y,f,k; the k-particle marginal density associated with the solu-
tion to the N-particle Schrodinger equation (1.2) with factorized initial data ¥y = ¢®V. In
terms of marginal densities, (1.4) is equivalent to the convergence

Ve = o) (@]® as N — oo (1.6)
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for all fixed € R and k > 1, with respect to the weak™* topology defined on the space of trace
class operators. It is simple to check that the weak* convergence in this case is equivalent to
the convergence in the trace norm topology, because the limit is a rank one projection.

The first rigorous results of the form (1.4) or (1.6) were obtained by Hepp in [16], and
then extended by Ginibre and Velo in [14, 15]. These works are based on the analysis of the
time evolution of coherent states (in a second quantized representation of the system). The
use of coherent states (characterized by a non-fixed number of particles) makes it possible
to isolate the main part of the evolution (described by the Hartree equation) and to study
the fluctuations around it. With this method, it was recently proved in [21] that (1.6) can be
improved (for example for the case k = 1) to the quantitative estimate

Ct

N1/2

Trlyy,, — o) (@] < const (1.7)
for factorized initial data (while for coherent initial data, the results of [21] establish a better
bound, proportional to 1/N) and for interaction potentials V such that V2(x) < C(1 — A,).

A different approach was proposed by Spohn in [22]. The main idea of the technique
introduced in [22] consists in characterizing the limit of the marginal densities y,f,ki through
the evolution equations that they satisfy. For finite N, the dynamics of the marginal densities
{ylt,li)t},i\’: | is governed by the so-called BBGKY hierarchy

k
0y =Y [—Ag +UE), vyl + — Z V(X —x;), ]

j=1 i<j

N
+TZTrk+1[V(x, —xee1)s vas (1.8)

j=1

where Tr;,; denotes the partial trace over the (k 4 1)-th particle. Using Tr )/(k) =1, an

abstract argument shows that the sequence {yN,t}k:] is compact with respect to a suitable
weak topology. The first main step towards a proof of (1 6) is then to show that an arbitrary
limit point {)/;f,);}kz , of the sequence of marginals {yN t} t—; 1s a solution to the infinite
hierarchy

ia[yéf,’,—Z[ Ay +U)), yéleZTrM[V(x,—ka) sl (19)
j=1 j=1

which is obtained from (1.8) by formally letting N — oo. The second main step to show
(1.6) consists in proving the uniqueness of the solution to (1.9). Since it is simple to verify
that the ansatz y,(k) = |, ) (@, |® is indeed a solution to (1.9) if ¢, satisfies the Hartree equa-
tion (1.3), the compactness of the sequence {yzf,k_;},’cvzl leads to (1.6). This method, which was
first used in [22] to prove (1.6) for bounded interaction, was recently extended to singular
potential (see [1-11]; in some of these works, for technical reasons, only the case of a trans-
lation invariant Hamiltonian, with U = 0, was considered). Note that this argument does not
provide an effective estimate for the speed of convergence in (1.6).

Recently, a new proof of (1.6) has been presented by Frohlich et al. in [12]. This method
provides convergence estimates uniformly in Planck’s constant up to an exponentially small
remainder, and therefore it can be used to combine the mean field- with the semiclassi-
cal limit (note that, in the semiclassical limit the Hartree equation converges to a Vlasov

@ Springer



862 L. Erdés, B. Schlein

equation). In [13] it has been shown that the limit (1.6) can be interpreted as a Egorov-
type theorem, in the sense that the time evolution of observables commutes with their Wick
quantization, up to corrections which vanish in the mean-field limit.

In the present work we propose yet a different approach. With respect to the techniques
mentioned above, our approach has the advantage of being very simple and of giving a
quantitative bounds of the order 1/N for the speed of convergence in (1.6). The estimates
we obtain here are therefore better, in their N-dependence, than the bounds (1.7) derived,
for factorized initial data, in [21]. However, our analysis is restricted to a smaller class of
interaction potential V'; in fact, we need to assume that the operator norm || V|| is finite (the
operator norm of the multiplication operator V equals the L*°-norm of the function V (x)),
and that it has a Fourier transform V € L! (R"). The main result of this paper is the following
theorem.

Theorem 1.1 Fix an arbitrary dimension v > 1. Assume that the one-particle potential U
is such that —A + U is a self-adjoint operator on L*(R"). Suppose that V € L®(R") is
such that ||f/\||1 < 00. Denote by ylf,ki the k-particle density associated with the solution
Yy = e Ny of the Schridinger equation (1.2) with Hamiltonian Hy given by (1.1)

and with initial data Wy = @®V, for some ¢ € H'(R") with ||¢||, = 1. Then we have

k
Trlyy — lo) (@] %) <

2
A
v 2KV (ESHVW -1

foreveryt e R, N> 1and 1 <k < N. Here we defined .y =1+ (||V\||1/||V||) and @, is the
solution to the nonlinear Hartree equation

10,0 =(=A+U)p + (V% |¢’r|2)(/)ta
with ¢,—o = ¢.

In order to prove Theorem 1.1 we control the growth of the correlations among the parti-
cles (at time ¢ = 0, the wave function is factorized, and therefore there are no correlations).
Our proof has been inspired by the techniques used in [20] to prove Lieb-Robinson in-
equalities for anharmonic lattice systems (see also the proof of Lieb-Robinson bounds for
quantum spin systems given in [17-19]). To prove Lieb-Robinson bounds, one has to control
the growth of the correlations between spatially separated observables. To prove Theorem
1.1, on the other hand, we have to control the growth of correlations between observables
acting on different particles.

In Sect. 2, we prove that if A and B are two operators acting on different particles, then
the commutator [A, ¢/fIN' Be~!#N'] remains of order 1/N for all fixed times (the commutator
is zero at time ¢t = 0); see Theorem 2.1. We apply this result to prove that, if )/If,k)t denote the
marginal density associated with the evolution ¥y, = e "f¥yy, for a factorized initial
data Yy = ¢®", then the difference ]/Ii,’f?") —y"® ]/Ii,"; remains of order 1/N for all fixed
times (it is zero at time ¢ = 0), when tested against product observables; see Proposition
2.2. Note that both Theorem 2.1 and Proposition 2.2 only require bounded potential to hold
(the condition ||V||1 < 00 is not required here). Finally, in Sect. 3, we apply the result of
Proposition 2.2 to show Theorem 1.1.

Notation. For k > 1, denote by B, the algebra of bounded operators over L(R*"). For
an operator A € By, and for integers 1 <i; <i, < --- < i < N, we denote by Allt:k] the
operator on L>(RN") acting as A over the particles iy, ..., i, and as the identity over all
other particles. We will use the notation ||A|| to indicate the operator norm of A (where A
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is meant as an operator from an L2 space to itself). In particular |V || denotes the operator
norm of the potential (interpreted as a multiplication operator) which of course equals the
L*-norm of the function V (x).

2 Growth of Correlations
Theorem 2.1 Suppose that the external potential U is such that —A + U is self-adjoint,

and assume that V € L (R"). Then, for every bounded m-particle observable A € B,,, and
every bounded n-particle observable B € B,,, we have

”[14[[1,,“,!'7,,]7 eiHN[B[jl’m’jnle_iHN[]|| <

w(ewum D (2.10)

for all integers 1 < iy < -+ <i, <N, 1<j <.+ <j, <N, with {i,....i,} N
{Ji,-es nt =0.

Proof Without loss of generality, we assume that # > 0. For n, m € N, we define the quantity

[[Ali1--in) | g Hyt BUitojnl =i Hn 1] |
Snn@) = sup (2.11)

" AcBy.BeB, AN BI
for arbitrary integers 1 <i; < --- <i, <N, and 1 < j; <--- < j, < N such that
{it, .., in} O {1, ..., ju} = 0. Note that, because of the permutation symmetry of Hy, the

quantity f(¢) is independent of the choice of the indices i, j, and

||[A[n+l ...,n+m], eiHNtB[l ..... n]efiHNt]”

Smn@) = sup
' A€By, BB, Al Bl

‘We define next the modified Hamiltonian

HI(\;i)= N—%ZZV(}C(—XJ').

=1 j>n

With respect to the dynamics generated by H w particles 1, ..., n are decoupled from the

. L o g™, .
rest of the system. In particular this implies that e "~ ' BIl.-mlifN"T jg still an operator
acting only on the degrees of freedom of particles 1, ..., n, with norm equal to the norm of

B. Therefore, we have

Sun (@)= sup ) (2.12)
A€By.BeB, IANIBI

For given A € B,, and B € B, we define the time-dependent bounded operator acting on
L2 (RUN )

d . ) " .
agA,B(f) — [A[VH—I ,,,,, n+mJ’ elHNt[l'(HN _ H}(Vn))’ e—lHN IB[I,...,njelHN f]e—lHNI]
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L . . ) P
— [A[n+l,.“,n+m]’ [leLHNf(HN _ H[(vn))e tHNt7 etHNte tHN IB([I,.A.,n]etHN te tHNt]]

= [ie'™' (Hy — H{™")e N g4 5(1)]

n [eiHNtefiHl(Vn)tB[l,.”,n]eiH[(\,")tefiHNt’
[14[}l‘!»l,.”,}’H»r’VlJ7 eiHNT(HN _ H}(vﬂ))efiHNt]]
where, in the last step we used the Jacobi identity. Next,we define

H(n)(t) — eiHN[(HN _ H[E]ﬂ))e—iHNZ.

It is simple to see that ") (¢) generates a two-parameter group of unitary transformations
U™ (¢, s) satisfying

UM, ) =HDOUP (1,5), with UM (s,s)=1 foralls eR.

Therefore, we obtain

d
EU(")(O, 1ga,OU™ (2, 0)

[A[n+l ..... n+m]’ eiHNt(HN _ H}(v”))efiHNt]]u(n)(t, 0) (213)

Integrating this identity from time O to time 7, using that g4 5(0) = 0 and the definition of
H ,(J’) , we find that

1 '
gap(t) = N ZZ/ dstd (1, 5)
0

(=1 j>n

% [eiHNse—iH}\;')xB[l ..... n]eiH,(\f')se—iHNs,
[A[n+l ,,,,, n+m], eiHNSV(Xg _ xj)efiHNS]]u(n)(s’ t). (214)

Taking norms, we get

2 ‘ _ _
lgas®ll = & ZZ/ ds || BI|[AVH-mtm gl HNs Y (xc, — x e iHv ]|
0

=1 j>n

< Amnt | ANIBIIVE
- N

where the first term on the r.h.s. corresponds to the terms with j =n +1,...,n + m, while
in the second term we used the permutation symmetry. From (2.11) and (2.12), it follows
that

dmnt|| V|| !
Jun(®) = ———F 20| VIl | dsfin2(5)- (2.15)
0
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Iterating this equation k times, we obtain that

k—1
dmn||V| dmn|| V|| /‘ /-Yr—l
ma(t) < t 4 v | ds;--- ds, s,
Fun() < ——t+— ; 4D | dsies | dss

20V IV D fo /0 s fna(s). 2.16)

With the a-priori bound f, »(s) <2, it follows that

k-1
mn N @IV @IVIDE  mn ., @V
1) < — < — —1 - 7
Jman(@®) < 5 ;:O Y N <y (e )+n 4
for all k € N. Since the L.h.s. is independent of k, we obtain (2.10). O

The following proposition is a useful consequence of Theorem 2.1.

Proposition 2.2 Suppose that U is such that —A + U is self-adjoint on L*(R") and as-
sume that V € L®(R"). Denote Yy ; = e~ V', the solution to the N -particle Schridinger
equation with factorized initial data Wy = @®V , for some ¢ € L>(R") with ||¢||, = 1. Then,
forany A € B,,, B € B,,, we have

(W ,p, ATVt BUL Iy oy — (g ATy ) (o, BU gy )|

AlllB
< mn||All|| B @IVl _ 1) 2.17)
N
for arbitrary integers 1 < iy < --- <ip <N, 1 <ji <--- < ju <N with {iy,....in} N

{J1,---, juy =9. In particular, lfylf,k)t denotes the k-particle marginal associated with Vry ;,
we have

(eSHVHT —1).

m mALmtnly o, (mn m n mn| Al Bl
|TI'(A“’”' ] ® Blmtl + J)(y1£[,t+ ) )/151,1) ® y}iﬁ;)' < v

Proof Because of the permutation symmetry we have

(qu[’A[il ,,,,, im] BLitses j"JWN,t> _ (WN,t’ A[il’m'imJl//N,tH‘/fN,t’ Bl j”Jllqu,)

— (YN Ay Yy, BT gy ) (2.18)

iHnt 1,...m] —iHyt JiHyNt plm+1,....m+n] —iHyt
= (Y, e Nt ALLm] ,—iHN1 ,iHNT B le N

— <WN7 eiHNtA[l,...,m]efiHNi|¢>(w|®NeiHNtB[m+l,,,_,m+n]e,,'HNth>

N
D (AT I ) (0] 2070 @ (1~ o) () @ 1°7)
j=1
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x el HNt B+ lmtnl p=itiyty, oy (2.19)

QN

Since ¥y = ¢®", we get

(VfNA,t’ A[],.”,m]B[me],..4.m+n]wN’t>
= (Y. A"y Y (W, BUELm gy )

+ ) (W, N AL TN () (| ©UD @ 18NVZIED)
j=1

X [(1 _ |g0><g0|)[j]’ eiHNtB[m+l,m,m+n]efiHNl]I//,N)

m+n

+ ) (U, [l (1 — ) (V]

j=m+1

x ( |(p)<¢|®(j71) ® 1®(N7j+1))eiHNtB[m+1,.4.,m+njefiHNth)

+ Y (g, [ AT e THIN (1 — () (p))V]
j=m+n+1

X (1) (@|®V=D @ 1PV (1 — @) (g1, eIt Bt lmtnle=HIN Ty ) - (2.20)
where we used the notation (1 — |¢) (¢|)V! = 1V ® (1 —|¢)(¢]) ® 1¥—/=D for the operator
acting as the projection (1 — |¢)(¢|) over the j-th particle, and as the identity over the other

(N —1) particles. Note that, by definition ((1—|¢){@)1)?> = 1 —|¢)(¢|. From Theorem 2.1,
we obtain

1o Lo Lo Lo
[(Wy,p, AL BUtbomtnlyy oy — (g oy A"y Y (P, BUEEm 500y )|

2mnl|ANIBI 4w mn||All| Bl , ,
< -1 IViie _ 1y2
= N (e )+ N (e )
_ mn| Al Bl| (eSHV”[ -1
N
which completes the proof of the proposition. O

3 Derivation of the Hartree Equation

Using the bounds on the correlations obtained in the previous section, we can now state and
prove our main result.

Proof of Theorem 1.1 From the BBGKY hierarchy (1.8), we obtain the integral equation

yar =UR0)1g) (0 — — Z/ dsu® (1 =)V (i = x7). vy

i<j

(N k)

k t
Z / dsUP(t — ) T [V (g — xes), v V1L (3:21)
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where we defined the free evolution

y® (t)y(k) — Zﬁl:] (—Aj+U(Xj))ty(k)ei Zﬁ:] (—Aj+U(xj-))r,

and where Tr; denotes the partial trace over the (k + 1)-th particle. On the other hand, it
is simple to check that, if ¢, is a solution to the nonlinear Hartree equation

10,0, =(=A+U)p + (V % |‘pt|2)(/)t

then the orthogonal projection |¢; ) (¢, |®* satisfies the equation
k '
o) (@ =UD D))l =i ) / dstt® (¢ — ) Trepa [V (xj = Xieg1), i) (i [P4T01.
— Jo

Therefore, for an arbitrary k-particle observable J® over L?(R*"), we obtain

Tr IO () — o (@)

__Z/ ds TrU® (s — IOV (v —x), 0]

i<j

+1—Z/ ds TrU™ (s — )TV (1) = x55), vars V]
—zZ / dsTr@U® (s = DIV (6 = xs1), s = Vs ® Vi)
k '
—iy / ds TrU® (s = TV () = x41), (i — 19:)(9:1%) @ 195) (]

—zZ / ds TrU™ (s = )T OV (x; = xe1), var ® (Vs — lps) (@sD]. - (3.22)

We bound the fourth and fifth term using that
| TrU® (s — )TV (x; — 1), as — 1) (@515 @ 1) (@5 1]
<2UVIIT®ITr vy — los) (0% (3.23)
and that, analogously,
I TeU® (s — TNV () = xps1), Voo @ (v — los) (@ D]
<2UVIIIOITr Iy — los) (@] (3.24)

As for the third term on the r.h.s. of (3.22), we expand the potential in a Fourier integral. We
obtain
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I TeU® (s = )TNV (x; — x50, et = v @ v

< / dgI V@I TrU® (s — T O[5 @ e 7%+, (&0 — 3B @ )]
< / dgI V@I TrU® (s — T ®)elt @ 74k (p KD )0 (D))

n f dgIV (@I Tre s UP (s — )T ®) @ 74k (5D — 0 (D)

v (k)

< N -1 (3.25)

where we applied Proposition 2.2. Thus, from (3.22), we find that
| Te IO i = led )

t t
SZkIIVIIIIJ(")II/ dsTrly&k.i—|¢s><ws|®k|+2k||vn||1<">||/ as ey — o) (@]
0 0

RIVIII O v _ ), 3RV O

3.26
4|VIN N (3:26)

For a trace class operator A over L>(R"), let ||A|l; = Tr|A| be the trace norm of A. If
we denote by K, the algebra of compact operators on L?(R"*), we have the variational
characterization of the trace norm

[Alli =Tr|A|= sup [TrJAl.
Jeky Il l=1

Therefore we find

t
lysts = len) (e < 2k||vn/ ds(llys, — 19:) (@1 + s = o) (@l
0
iy o
Wie _ 3.27
+ N (e ) (3.27)
with Ay =1+ (IIVIII/IIVII). For k = 1, we obtain
(1) ' (1) Av 8|Vt
lvn: = le@dll 4lVIE | dsliyas — lesHesllh + ﬁ(e -1.
0
Iterating this inequality n times, it follows that

1
v = 1o (@il

n—1
AV sivi Av ! 5 Sm=1 0
< D+ =S @vipr [ d dss - - - WVllsm _
= 2N(€ )+ N @Ivin A 1 | 52 | ds,, (e 1)

m=1

t Sp—1
@IV f ds, - f s, 17— 1gan) (1. (3.28)
0 0
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Since

/ dsy - / ds, SVl <&~ e8IVt — 1)
- @vipm

1)

and ||y, — 195, ){@s, |1 <2, we find

(1)

A
lys” = 1@ (el < WW‘”V“’ —1). (3.29)

Inserting this bound into the r.h.s. of (3.27), we conclude that

k2
iy — |<p,><<p,|®k||1<2k||vnfds||y“” |<ps><¢s|®’<||1+Tv<e8"v“f—1).

Iteration leads to

lyn:

k2
A T e G

t
ds 1
0

51 Sm—1
dsy -- / ds,, 81V 1o 1)
0

1 Sn—1
+ KV )" / dsi --- / s 1y = 1o (@5 1% (3.30)
0 0

which implies that

k Ihy
*) SHIVI(QBIVIE _ ).

lyns — led e = <
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